Let F be an infinite division ring, V be a left F -vector space, r ≥ 1 be an integer. We study the structure of the representation of the linear group GLF (V ) in the vector space of formal finite linear combinations of r-dimensional vector subspaces of V with coefficients in a field K.
Generators of A[Gr(r, V )] • for an integer r
For any ring A and any set Γ, denote by A[Γ] the set of all finite formal linear combinations N j=1 a j [g j ] with coefficients a j in A of elements g j ∈ Γ. If Γ is a group, we consider A[Γ] as associative ring with evident relations [g][g ′ ] = [gg ′ ], a[g] = [g]a for all g, g ′ ∈ Γ and a ∈ A. The element [1] is the unit of the ring.
The A[G]-module A[Gr(r, V )] = A ⊗ Z[Gr(r, V )] is generated by [L] for any L ∈ Gr(r, V ).
The following lemma shows that, for an integer r, the A[GL F (V )]-module A[Gr(r, V )] • = A ⊗ Z[Gr(r, V )] • is generated by [L] − [L ′ ] for any L, L ′ ∈ Gr(r, V ) with dim(L ∩ L ′ ) = r − 1.
The study has been funded within the framework of the HSE University Basic Research Program and the Russian Academic Excellence Project '5-100'. R.B. is partially supported by an NSF grant. Proof. Let c = dim(L 0 /L 0 ∩ L 1 ). Fix complete flags E 0 = 0 ⊂ E 1 ⊂ E 2 ⊂ · · · ⊂ E c = L 0 /(L 0 ∩ L 1 ) and F 0 = 0 ⊂ F 1 ⊂ F 2 ⊂ · · · ⊂ F c = L 1 /(L 0 ∩ L 1 ) and set L ′ i =Ẽ c−i +F i , whereẼ denotes the preimage of a subspace E ⊆ V /(L 0 ∩L 1 ) under the projection V → V /(L 0 ∩L 1 ). Then L ′ 0 , L ′ 1 , . . . , L ′ c are r-subspaces, while L ′ i−1 ∩ L ′ i is a hyperplane in both L ′ i−1 and L ′ i for each i, 1 ≤ i ≤ c. As G acts transitively on the set of pairs (S, S ′ ) of r-subspaces of V with dim(S/S ∩ S ′ ) = dim(S ′ /S ∩ S ′ ) = 1, all
]. If either of r and r ′ is finite then for any pair L 0 ,
is finite-dimensional for any pair L 0 , L 1 of r-subspaces of V , so at least one of r and r ′ should be finite.
(Endo)morphisms and decomposability
Let F be a division ring, V be a left F -vector space, r 0 = (r 0 , r ′ 0 ), r 1 = (r 1 , r ′ 1 ) be two pairs of cardinals such that r 0 + r ′ 0 = r 1 + r ′ 1 = dim V ; we may omit r ′ i if r i < dim V + 1. For an r 0 -subspace L in V , denote by St [L] the stabilizer of the point L ∈ Gr(r 0 , V ) in the group G := GL F (V ).
It is easy to see that the G-orbit of a F -vector subspace L in V is determined by the pair of cardinals (dim L, dim V /L); the G-orbit of a pair of F -vector subspaces L, L ′ in V is determined by the quintuple of cardinals
Let A be an associative unital ring. For each triple of cardinals s = (s, s ′ , s ′′ ) with s + s ′ = r 0 and s + s ′′ = r 1 (so s ′ and s ′′ may be omitted if s < min(r 0 , r 1 ) + 1), let
if the latter sum is finite and non-empty, where L ′ runs over all
It is clear that η r,r (r,0,0) is identical on A[Gr(r, V )] and ker η r,0
if V is infinite, while F and r 0 ≥ r 1 are finite; the identity η r 0 ,r 0 (r 0 ,0,0) = id A[Gr(r 0 ,V )] if V is infinite and r 0 = r 1 , η r 0 ,r 1 s for all s, σ ≤ s ≤ min(r 0 , r 1 ), if V is finite, where σ := max(0, r 0 − r ′ 1 ), 0
otherwise. The ring End Z[G] (Z[Gr(r, V )]) is commutative. If F is infinite and r 0 = r 1 then, in notation of §1,
Proof. The cases r 1 ∈ {(0, dim V ), (dim V, 0)} are trivial, since then Gr(r 1 , V ) reduces to a single point, so we may further assume r 1 / ∈ {(0, dim V ), (dim V, 0)}. Fix some L ∈ Gr(r 0 , V ), and suppose that the St [L] -orbit of a point L ′ ∈ Gr(r 1 , V ) is finite. We, thus, assume that L ′ = 0 and L ′ = V .
• If L ∼ = F ⊕r 0 is infinite then either (i) L ⊆ L ′ or (ii) L ∩ L ′ = 0. In the case (ii), L ′ ⊆ L, since adding different elements of L to a basis element of L ′ one gets different L ′ 's, and therefore,
In the case (i), either (a) L ′ = L, or (b) L ∼ = F ⊕r 0 is finite and then all L ′ contained in L form a single finite orbit. In the case (ii), either (a) L ′ ⊇ L, or
: any orbit is infinite. Namely, choose a vector v ∈ L \ L ′ and a collection {e i } i∈I presenting a basis of V /L; then the subspaces 
linear combination of sums of the elements of several finite St
It follows that η r,r s ′ η r,r s = η r,r s η r,r s ′ . In other words, the algebra
If F is infinite then the only proper subspaces in V fixed by 
We identify P u with the rational powers t Q of an indeterminate t, so that
Any ideal in K[P u ] is determined by its intersections with each subalgebra K[t 1/N , t −1 ], and thus, is generated by a collection of polynomials of minimal degree
be the ideal generated by t 1/N − 1 for all N ≥ 1. As J n /J n+1 is a K-vector space of dimension max(δ n,0 , δ char(K),0 ) ≤ 1 with the group P/P u acting by n-th powers, we conclude that I coincides with J n for some n ≥ 0.
Let Assume now that the projection π ∞ does not split, so then 
Proof. Let µ := λ(w). Then, for any t ∈ F such that µt = 1, one has (1 − λtw) ( 
Proof. Denote by µ p the set of complex p-th roots of unity. Then
Fix a primitive ζ ∈ µ p . Then the matrix p∆ coincides with the product
As the norm in the extension Q(ζ)/Q of the element 1 − ζ j is p, we see that det ∆ = ±p m for an integer m ≥ 0, so det ∆ is invertible in Z[1/p]. (3) for any n ≥ 1 and any field K, the natural map
Fix an arbitrary subspace U ⊂ V of dimension r − 1 and of codimension r ′ + 1. Fix some e 0 , e 1 ∈ V that are F -linearly independent in V /U . For each sequence (t i ) i≥1 in F × and all n ≥ 1, define γ n ((t i ) i≥1 ) := I⊆{1,...,n} (−1) |I| [U + F (e 0 + ( i∈I t i )e 1 )] ∈ M 0 .
Note that (i) the G-orbit of γ n ((t i ) i≥1 ) is independent of a particular choice of U, e 0 , e 1 , (ii) γ n+1 ((t i ) i≥1 ) = (1−ξ)γ n ((t i ) i≥1 ) for any ξ ∈ G identical on U +F ·e 1 and such that ξe 0 = e 0 +t n+1 e 1 , (iii) all γ n ((t i ) i≥1 ) are nonzero if, e.g., t 1 , t 2 , . . . are either linearly independent over the prime subfield, or all equal to 1 if p = 0.
For each n ≥ 1, let M n be the G-submodule in M 0 generated by the elements γ n ((t i ) i≥1 ) for all sequences (t i ) i≥1 in F × . In particular, we have inclusions M n ⊇ M n+1 for all n.
Then (1) follows from Lemma 1.1: M 0 /M 1 is the group of formal finite linear combinations
Set γ n := γ n (1, 1, 1, . . . ) = n s=0 (−1) s n s [U + F (e 0 + se 1 )]. As any nonzero γ 1 ((t i ) i≥1 ) belongs to the G-orbit of γ 1 , the G-module M 1 is generated by γ 1 .
If p > 0, it follows from Lemma 4.2 that the Z[1/p]-submodule in Z[1/p] ⊗ M 0 generated by γ n = p−1 s=0 D s (n)[U + F (e 0 + se 1 )], γ n+1 , . . . , γ n+p−2 contains γ 1 , which implies (2). If ℓ := char(K) = p is a prime then γ ℓ N ≡ [U + F · e 0 ] − [U + F (e 0 + ℓ N e 1 )] = g N γ 1 (mod ℓM 1 ) for any integer N ≥ 1 and some g N ∈ G, so M n + ℓM 1 contains γ 1 for any n ≥ 1, which proves (3) for K = Z/ℓ, and thus, for all fields K of characteristic ℓ.
By Lemmas 3.1 and 3.2, if characteristic of F is 0, or if characteristics of F and K coincide, then the K[G]-submodule in K ⊗ M 0 generated by γ n coincides with K ⊗ M 1 for any n ≥ 1.
As (2) implies the case of char(K) = p > 0, this completes the proof of (3). For (4), we are going to show that, together with
It is a folklore result that a nonzero vector space over an infinite division ring cannot be a finite union of proper linear subspaces, see e.g. [4, Theorem 1.2] 
For each subset I ⊆ {1, . . . , N }, the image of the endomorphism ξ I := i∈I ξ i of V is F · w, i.e., ξ I = λ I · w for a linear functional λ I on V , so by Lemma 4.1 there is at most one value of t such that 1 + λ I tw is not invertible. As F is infinite, we may therefore replace w with a nonzero multiple (equivalently, replace λ i 's with a common right multiple), so that 1+ ξ I = 1+ λ I ·w become invertible for all subsets I ⊆ {1, . . . , N }.
Then the element Ξ := I⊆{1,...,N } (−1)
In particular, (i) if r = 1 and λ i = t i for all 1 ≤ i ≤ N then gΞα = a 0 ⊗γ N ((t i ) i≥1 ) for any g ∈ G such that gv = e 0 and gw = e 1 ; (ii) if i∈I λ i = 0 for any non-empty I then
As we have just seen in the case r = 1 (with V ′′ ∨ instead of V ), for any sequence
. Then, for any linear combination β ′ of elements of G identical on P( N n=1 ker ξ n ) and extending β * , one has The following conditions are equivalent: (i) at least one of r and r ′ is finite,
Some remarks on the case of a finite base field
There is an extensive literature on representations of finite Chevalley groups, see e.g. [1, 2] . For this reason we do not treat in detail the case where F is a finite field. 
.
5.2.
The case of positive characteristic coefficient field. Proposition 5.3. Let K be a field of characteristic ℓ. Let F be a union of finite fields.
(1) Suppose that V is finite and either dim P(V ) = 1 or ℓ is not characteristic of F .
Proof. We have to show that any
• , whenever not all a x are equal. As PGL(V ) is 2-transitive on P(V ), it suffices to show that the K[PGL(V )]-submodule generated by α contains a difference of two distinct points.
For each x with a x = 0 fix its liftx ∈ V . Choose a maximal subset B consisting of F -linearly independent elements amongx's. We replace F with the subfield of F generated by the coefficients of the elementsx in the base B, and replace P(V ) with the projectivization of the space spanned by thex's over the new F . We thus assume that P(V ) is finite. Then we proceed by induction of the dimension n of P(V ).
For each hyperplane H ⊂ P(V ), let U H ⊂ PGL(V ) be the translation group of the affine space
, where q is order of F . For the induction step in the case ℓ |q (and dim P(V ) > 1), fix some hyperplane H containg points y, z with a y = a z and fix some η ∈ PGL(V ) such that η(H) = H, η(y) = z and η(u) = u for some u ∈ H.
, so we are reduced to the case of dimension n − 1.
Assume now that dim P(V ) = 1.
(1) If ℓ does not divide q +1 then there is y ∈ P(V ) such that (q +1)a y = x∈P(V ) a x . If ℓ divides q + 1 then fix an arbitrary y ∈ P(V ) with a y = 0 (so that (q + 1)a y = 0 = x∈P(V ) a x ). Proof. Let Sym n F V := (V ⊗ n F ) Sn be the n-th symmetric power of V , so dim F Sym n F V = dim V +n−1 dim V −1 . The natural morphism of K[PGL(V )]-modules K[P(V )]
q−1 , is nonzero. One has dim K K[P(V )] • = |P(V )| − 1 = (q dim V − q)/(q − 1).
If dim V = 2 then dim K K[P(V )] • = dim K K ⊗ F Sym q−1 F V = q. Assuming that (q n − q)/(q − 1) ≥ n+q−2 n−1 for some n ≥ 2, let us show that (q n+1 − q)/(q − 1) > n+q−1 n . Indeed, n+q−1 n = n+q−2 n−1 (n+q−1)/n < n+q−2 n−1 q ≤ q(q n −q)/(q−1) < (q n+1 −q)/(q−1). This implies that dim K[P(V )] • > dim K ⊗ F Sym q−1 F V if dim V > 2, and thus, the above morphism is not injective, so K[P(V )] • is not simple.
The simplicity in the case dim V = 2 is shown in Lemma 3.2.
